Abstract. In this paper, we provide a generalized version of the Voiculescu theorem for normal operators by showing that, in a von Neumann algebra with separable pre-dual and a faithful normal semifinite tracial weight τ , a normal operator is an arbitrarily small (max{ · , · 2 })-norm perturbation of a diagonal operator. Furthermore, in a countably decomposable, properly infinite von Neumann algebra with a faithful normal semifinite tracial weight, we prove that each self-adjoint operator can be diagonalized modulo norm ideals satisfying a natural condition.
Introduction
Let H be a complex separable Hilbert space. Denote by B(H) the set of bounded linear operators on H and by K(H) the set of compact operators in B(H). In 1909, Weyl [40] proved that a self-adjoint operator in B(H) is a compact perturbation of a diagonal operator. Later, in 1935, von Neumann [22] improved the result by replacing a "compact operator" with an "arbitrarily small Hilbert-Schmidt operator". That is, for a self-adjoint operator a in B(H) and ǫ > 0, there exist a diagonal self-adjoint operator d in B(H) and a compact operator k in K(H) such that a = d + k and k 2 ≤ ǫ, where · 2 is the Hilbert-Schmidt norm of B(H). Recall that an operator d in B(H) is called diagonal if there exist a family {e n } ∞ n=1 of orthogonal projections in B(H) and a family {λ n } ∞ n=1
of complex numbers such that d = ∞ n=1 λ n e n . In 1957, Kato and Rosenblum [15, 27] showed that, up to unitary equivalence, the absolutely continuous part of a self-adjoint operator in B(H) can not be changed by trace-class perturbations. Thus, if a self-adjoint operator a in B(H) is not purely singular, then a can not be diagonalized modulo the trace class. On the other hand, it was shown by Carey and Pincus [5] that a purely singular self-adjoint operator in B(H) is a small trace class perturbation of a diagonal operator.
In 1958, Kuroda [16] generalized the Weyl-von Neumann theorem for every single self-adjoint operator in B(H) with respect to a unitarily invariant norm that is not equivalent to the trace norm. More specifically, given ǫ > 0 and Φ(·) a unitarily invariant norm not equivalent to the trace norm, for every self-adjoint operator a in B(H), there exist a diagonal self-adjoint operator d in B(H) and a compact operator k in K(H) such that a = d + k and Φ(k) ≤ ǫ.
Answering a question proposed by Halmos [12] , Berg [4] and Sikonia [28] independently provided an extension of the Weyl-von Neumann theorem for a single normal operator a in B(H) relative to the operator norm. In detail, for any given ǫ > 0, there exist a diagonal operator d in B(H) and a compact operator k in K(H) such that a = d + k and k ≤ ǫ. In the same paper, Berg proposed an interesting question:Whether the k can be in the Hilbert-Schmidt class.
Note that Berg's result can also be viewed as an extension of the Weyl-von Neumann theorem for two commuting self-adjoint operators in B(H) relative to the operator norm. The next significant improvement of the Weyl-von Neumann theorem came in 1979 from Voiculescu [31] by proving a version of the Weyl-von Neumann theorem for r commuting self-adjoint operators in B(H) relative to norm ideals. Among many remarkable results, Voiculescu was able to show that, for r ≥ 2, given r commuting self-adjoint operators a 1 , . . . , a r in B(H) and ǫ > 0, there exist r commuting self-adjoint diagonal operators d 1 , . . . , d r in B(H) such that a i − d i r ≤ ǫ, for i = 1, . . . , r, where · r is the Schatten r-norm of B(H). In particular, a normal operator in B(H) is a sum of a diagonal operator and a small Hilbert-Schmidt operator. These results of Voiculescu were based on his striking non-commutative Weyl-von Neumann theorem in [30] , which gave an affirmative answer to the 8th problem proposed by Halmos [12] in 1970. (More developments on diagonalizations of self-adjoint operators in B(H) can be found in [3] , [32] - [39] , [41] - [45] and etc.)
A von Neumann algebra is a * -subalgebra of B(H 0 ) that is closed in the strong operator topology for a complex Hilbert space H 0 . In their fundamental papers [18] , [19] , [23] , and [20] , Murray and von Neumann discussed some basic properties for von Neumann algebras and separated von Neumann algebras into type I, type II and type III. A von Neumann algebra is called "semifinite" if it has no direct summand of type III, or equivalently it has a faithful normal semifinite tracial weight (see Remark 8.5.9 in [13] for details). A von Neumann algebra M is countably decomposable if each orthogonal family of nonzero projections in M is countable. A factor is a von Neumann algebra with a trivial center. Obviously, for a separable Hilbert space H, B(H) is a countably decomposable semifinite factor.
It is natural to consider extensions of the Weyl-von Neumann theorem in the setting of von Neumann algebras. Several results were obtained in the case of semifinite factors. Let N be a countably decomposable semifinite factor and K(N ) a two-sided closed ideal generated by all finite projections in N . A result by Zsido [46] in 1975 showed that, for a self-adjoint operator a in N , there exists a diagonal operator d in N such that a − d ∈ K(N ), where an operator d in N is called diagonal if there exist a family {e n } ∞ n=1 of orthogonal projections in N and a family {λ n } ∞ n=1 of complex numbers such that d = ∞ n=1 λ n e n . This result was further extended by Akemann and Pedersen in [1] , when they verified that the operator norm of a − d can be arbitrarily small. Later, in 1978, Kaftal [14] proved that, for a self-adjoint operator a in N and ǫ > 0, there exists a diagonal operator d in N such that a − d < ǫ and a − d 2 < ǫ. Here a − d 2 (τ (|a − d| 2 )) 1/2 and τ is a faithful normal semifinite tracial weight of N . The main result of the paper is the following generalization of the Voiculescu Theorem for normal operators in B(H) to the setting of von Neumann algebras. A key ingredient in the proofs of the preceding results is our Theorem 5.2.2, which partially extends Voiculescu's celebrated non-commutative Weyl-von Neumann theorem from B(H) to a semifinite factor.
Besides Theorem 6.1.2 and Theorem 6.2.5, we also considered perturbations of a self-adjoint operator in a von Neumann algebra and provided a generalization of Kuroda Theorem (see [16] ) as follows. 
for its definition). Assume that
Let a ∈ M be a self-adjoint element. Then for every ǫ > 0, there exists a diagonal operator d in M such that:
The paper is organized as follows. In Section 2, we prepare related notation, definitions, and lemmas. In Section 3, we extend Kuroda Theorem for self-adjoint operators in a countably decomposable, properly infinite von Neumann algebra with a faithful normal semifinite tracial weight. In Section 4, a definition of Φ-well-behaved sets is introduced and some of its properties are discussed. Examples of Φ-well-behaved sets are also given. In Section 5, an extended Voiculescu's non-commutative Weyl-von Neumann Theorem in semifinite factors is proved for separable nuclear C * -algebras relative to norm ideals. In Section 6, we prove that in a countably decomposable, properly infinite, semifinite factor, for r ≥ 2, r mutually commuting self-adjoint operators can be diagonalized simultaneously up to arbitrarily small perturbations with respect to a (max{ · , · r })-norm. As a corollary, a normal operator in a countably decomposable,
, because a finite projection might not be a finite rank projection with respect to τ . However, if M is a countably decomposable semifinite factor, then K(M, τ ) = K(M) for a faithful, normal, semifinite tracial weight τ .
For each x in M, we let R(x) denote the range projection of x in M. We will repeatedly use the following facts in the paper. (ii) Suppose e is a nonzero projection in M. Then, by Proposition 8.5.2 in [13] , there exists a family {e n } ∞ n=1 of orthogonal projections in M such that e = ∞ n=1 e n and τ (e n ) < ∞ for all n ∈ N. Recall that the weak * -topology on M is the topology on M induced from the predual of M.
Norm ideals of semifinite von Neumann algebras.
Definition 2.1. Example 2.1.4. K(M, τ ) is a norm ideal of (M, τ ) with respect to the · -norm.
We list some useful properties of a norm ideal in the next lemma.
Proof. (i), (ii) , (iii) and (iv) are obvious. We will need only to show (v).
From the property that Φ is · -dominating, it follows that n x n converges to y in · -topology. Note that n x n converges to x ∈ M in weak * -topology. We can conclude that x = y, which finishes the proof of the lemma.
Examples of norm ideals of (M, τ ) can come from the next lemma. Recall that L r (M, τ ), for 1 ≤ r < ∞, is the non-commutative L r -spaces associated with (M, τ ) and its norm · r is defined by
(see [26] for more details).
Then J is a norm ideal of (M, τ ) with respect to the norm Φ.
Proof. It is not hard to check that J is a two sided ideal of M and Φ is a norm on J . Moreover, Φ is unitarily invariant and · -dominating.
We will show that J is a Banach space with respect to Φ. Actually, assume that {x n } is a Cauchy sequence in Φ-norm. Thus {x n } is a Cauchy sequence in both · r -norm and · -norm. Therefore there exist y 1 ∈ L r (M, τ ) and y 2 ∈ M such that lim n y 1 − x n r = 0 and lim n y 2 − x n = 0. From Theorem 5 in [21] , we get that {x n } converges to both y 1 and y 2 in measure topology. This implies y 1 = y 2 ∈ J . Hence J is a Banach space with respect to Φ.
It is easy to see that F (M, τ ) ⊆ J . Assume that 0 ≤ x ∈ M such that x r < ∞. For any λ > 0, let e (λ,∞) be the spectral projection of x onto σ(x) ∩ (λ, ∞). Thus 0 ≤ λ · e (λ,∞) ≤ x. It 6 QIHUI LI, JUNHAO SHEN, AND RUI SHI follows that λ · e (λ,∞) r ≤ x r < ∞. Hence e (λ,∞) ∈ F (M, τ ). Combining with the fact that
Therefore, J is a norm ideal of (M, τ ) with respect to the norm Φ.
Remark 2.1.7. In the proof of last lemma, from the fact that τ is a normal weight of M and x r < ∞, it follows that lim
Thus such J is actually a minimal norm ideal of (M, τ ) with respect to the norm Φ.
Remark 2.1.9. More examples of norm ideals in (M, τ ) can be found in noncommutative Banach functional spaces (see [25] for details).
Extension of a norm ideal
Let H be an infinite dimensional separable Hilbert space and let B(H) be the set of bounded linear operators on H. Suppose that {f i,j } ∞ i,j=1 is a system of matrix units of B(H).
Recall that M is a countably decomposable, properly infinite von Neumann algebra with a faithful, normal, semifinite tracial weight τ . There exists a sequence 
Lemma 2.2.2. Both φ and ψ are normal * -homomorphisms satisfying
Proof. It can be verified directly that φ and ψ are * -homomorphisms satisfying
From Corollary III.3.10 in [29] , both φ and ψ are normal.
Definition 2.2.3. We will further define a mappingτ : (M ⊗ B(H)) (ii)τ (
Remark 2.2.5. Preceding lemma shows thatτ is a natural extension of τ from M to M ⊗ B(H). If no confusion arises,τ will be also denoted by τ .
Lemma 2.2.7. The following statements are true.
(i)KΦ is a norm ideal of (M ⊗ B(H), τ ) with respect to the normΦ. 
is a family of partial isometries on M such that
Thus there exist unitary elements u in M and w ∈ B(H) such that Letφ,ψ,KΦ andΦ be defined accordingly as φ, ψ, K Φ and Φ. We have
(by the choice of u)
(by the choice of w) SoKΦ =KΦ. Similarly, it can be shown that
This completes the proof of the proposition. 
Approximately unitarily equivalent mappings.
Let H be an infinite dimensional separable Hilbert space and let B(H) be the set of bounded linear operators on H. Recall that M is a countably decomposable, properly infinite von Neumann algebra with a faithful, normal, semifinite tracial weight τ . Let M ⊗ B(H) be a von Neumann algebra tensor product of M with B(H).
Let Let A be a separable C * -subalgebra of M with an identity I A and B a * -subalgebra of A such that I A ∈ B.
Assume ψ is a positive mapping from A into M such that ψ(I A ) is a projection in M. Then for all 0 ≤ x ∈ A, we have 0 ≤ ψ(x) ≤ x ψ(I A ). Therefore, ψ(x)ψ(I A ) = ψ(I A )ψ(x) = ψ(x) for all positive x ∈ A. In other words, ψ(I A ) can be viewed as an identity of ψ(A). Or, ψ(A) ⊆ ψ(I A )Mψ(I A ). 
(a) Let F ⊆ B be finite and ǫ > 0. Then we call
denoted by
if, for any finite subset F ⊆ B and ǫ > 0, may also be viewed as a " transitive" relation.
Perturbations of A Self-adjoint Element in Semifinite von Neumann Algebras
Let M be a countably decomposable, properly infinite von Neumann algebra with a faithful normal semifinite tracial weight τ and let PF (M, τ ), F (M, τ ), K(M, τ ) be the sets of finite rank projections, finite rank operators, and compact operators respectively, in (M, τ ) (see Section 2 for their definitions).
Some lemmas.
In this section, we are interested in a class of norm ideals
= 0.
As shown by next lemma, in the case of semifinite factors, this condition is closely related to Kuroda's characterization of · 1 -norm of M (see [16] ).
Lemma 3.1.1. Let N be a countably decomposable, properly infinite, semifinite factor with a faithful normal semifinite tracial weight τ and let K Φ (N , τ ) be a norm ideal of (N , τ ). Then the following statements are equivalent.
(i) There exists a positive number λ such that Φ(e) ≥ λτ (e), ∀ e ∈ PF (N , τ ).
(ii) The limit
exists and is positive.
Proof. To prove the equivalence between (i) and (ii), it suffices to show the following statement: if e and f are projections in N such that 0
Since N is a factor, we might assume that e ≤ f . Note that f N f is a finite factor with a
Thus Φ f is a normalized unitarily invariant norm on a finite factor f N f . By Corollary 3.31 in [11] , we know that τ f (e) ≤ Φ f (e), whence
This ends the proof of the lemma.
The following easy result is sometime useful.
Proof. From the assumption on minimal projections in M, it induces that there exists a projection f 1 in M such that e 1 ≤ f 1 and λ ≤ τ (f 1 ) ≤ λ + δ. Hence the result of the lemma holds.
Recall that, for each x ∈ M, we let R(x) be the range projection of x in M.
Proof. The result is trivial when x = 0. Therefore, we will assume that x = 0. Note σ(a), the spectrum of a in M, is contained in the interval [− a , a ]. We partition [− a , a ] into m equal subintervals, ∆ 1 , . . . , ∆ m , having length 2 a /m. For 1 ≤ j ≤ m, let e j be the spectral projection of a onto σ(a) ∩ ∆ j and let q j = R(e j x), the range projection of e j x in M. Let λ j be a midpoint of ∆ j .
Define
Thus, the following statements hold: 
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Combining it with (c), one obtains that
Since q j is a subprojection of e j , it follows that
The fact that e j 's are spectral projections of a and our choice of λ j ensure that
there exists a positive number δ such that sup{τ (e) : e is a minimal projection in M } ≤ δ;
Proof. The result is trivial when x = 0. In the following, we will assume that x = 0. By using Lemma 3.1.3, given x ∈ F (M, τ ), there exist a sequence {q m } ∞ m=1 of projections and two
By the Assumption (a), Lemma 3.1.2 and (iv 1 ), for each R(b m ) there exists a projection
Therefore,
Note that τ (f m ) → ∞ when m → ∞. By applying the Assumption (b), for m large enough we can find self-adjoint elements d m , b m and a projection q m , all in F (M, τ ), with desired properties.
there exists a positive number δ such that
Let a ∈ M be self-adjoint and let {e n } ∞ n=1 be a family of projections in
Proof. We will use an inductive construction to find sequences {q n } ∞ n=1 , {d n } ∞ n=1 and {b n } ∞ n=1 with desired properties. When n = 1, applying Proposition 3.1.4 to a self-adjoint element a and a finite rank operator e 1 in M, we obtain a projection q 1 in F (M, τ ) and self-adjoint elements
Assume n is a positive integer and we have obtained
with desired properties. We apply Proposition 3.1.4 to a self-adjoint element ( 
We will further verify that (i), (ii) and (iv) are also true. Actually, from (i 1 ), it induces that q i q n+1 = 0 and q i b n+1 = 0 for all 1 ≤ i < n + 1, whence (i) is true.
by the induction hypothesis. Thus (ii) is also true. From (iv 1 ) and induction hypothesis,
This completes the inductive construction of the sequences and finishes the proof of the result.
Kuroda Theorem for a self-adjoint operator in semifinite von Neumann algebras.
In the following theorem, we prove that a self-adjoint element in M can be written as a diagonal element up to a small perturbation in K 0 Φ (M, τ ) when Φ satisfies a natural condition. Proposition 3.2.1. Let M be a countably decomposable, properly infinite von Neumann algebra with a faithful normal semifinite tracial weight τ and let K Φ (M, τ ) be a norm ideal of (M, τ ). Assume that (a) there exists a positive number δ such that sup{τ (e) : e is a minimal projection in M } ≤ δ;
Proof. By the fact that M is a countably decomposable, properly infinite von Neumann algebra with a faithful normal semifinite tracial weight τ and the Assumption (a), one concludes that there exists a sequence {e n } ∞ n=1 of orthogonal projections in F (M, τ ) such that ∞ n=1 e n = I and τ (e n ) ≤ δ.
By Proposition 3.1.5, we obtain a sequence {q n } ∞ n=1 of projections in F (M, τ ) and two sequences {d n } ∞ n=1 and {b n } ∞ n=1 of self-adjoint elements in F (M, τ ) such that, for each n ≥ 1, (i) q i q n = 0 and q i b n = 0 for all 1 ≤ i < n;
is a sequence of orthogonal projections in F (M, τ ). Thus ∞ n=1 q n converges to a projection q ∈ M in weak * topology. By (ii) and the fact that Now we are ready to present the main result of this section, which gives an extension of Kuroda's result (see [16] ) in a type I ∞ factor.
Theorem 3.2.2. Let M be a countably decomposable, properly infinite von Neumann algebra with a faithful normal semifinite tracial weight τ and let
Proof. Note that M is a countably decomposable, properly infinite von Neumann algebra with a faithful normal semifinite tracial weight τ . There exists a countable family {q n } n≥0 of orthogonal projections in the center of M such that n q n = I, q 0 M is diffused (or 0) and q n M is a type I ∞ factor (or 0) for each n ≥ 1.
For each n ≥ 0, from Proposition 3.2.1, there exists a diagonal operator d n in q n M such that
Then from Lemma 2.1.5 and the choice of {d n } we deduce that d is a diagonal operator in M satisfying
This completes the proof of the theorem.
The next result follows directly from preceding theorem and Definition 2.1.8. The result has been obtained in [14] when M is a semifinite factor. 
From Lemma II.2.8 in [7] and Theorem 3.2.2, we can quickly conclude the following result. The result has been obtained in [46] (see also in [1] ) when M is a semifinite factor. 
Φ-well-behaved Sets in Semifinite von Neumann Algebras
In this section, we let M be a countably decomposable, properly infinite von Neumann algebra with a faithful normal semifinite tracial weight τ . Let PF (M, τ ), F (M, τ ) and K(M, τ ) be the sets of finite rank projections, finite rank operators, and compact operators respectively, in (M, τ ).
For each x in M, let R(x) be the range projection of x in M. Note that, for x, y ∈ (M)
The concept of quasi-central approximate units plays an important role in the study of C * -algebras. For von Neumann algebras, we introduce a concept of Φ-well-behaved sets, following a notation from Voiculescu in [31] , which will be a replacement of quasi-central approximate units for C * -algebras.
4.1. Definition of Φ-well-behaved sets.
Definition 4.1.1. Let K Φ (M, τ ) be a norm ideal of (M, τ ). Let B be a countably generated * -subalgebra of M with an identity I B . We call that B is Φ-well-behaved in M if there exists a sequence
(ii) As n goes to infinity, f n converges to I B in weak
Example 4.1.2. Examples of Φ-well-behaved sets will be given in next two subsections.
A direct computation shows the following result. (See Lemma 2.2 in [9] for a proof.)
and
The following lemma is an extension of Lemma 2.2 in [31] . 
Proof. Since B is a countably generated * -algebra and F is a finite subset of B, we might assume that {b k } ∞ k=1 is a base of B (as a linear space) and F = {b 1 , . . . , b m }. From the definition of Φ-well-behaved sets, we assume that {p n } ∞ n=1 is a sequence of finite rank operators satisfying
(b) As n goes to infinity, p n converges to I B in weak * -topology of M.
, for each n ≥ 0 and e n = (f n − f n−1 ) 1/2 , for each n ≥ 1. From (a) and (b), we know that f n is an increasing sequence that converges to I B in weak * -topology. This means that 
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Again from (a), we know that p n p n−1 = p n−1 = p n−1 p n for n ≥ 1, whence
Therefore, from Lemma 4.1.3 and (c),
It follows that, for k > m,
· -well-behaved sets.
Lemma 4.2.1. Let W be a von Neumann subalgebra of M. For any ǫ > 0 and any 0 ≤ x ∈ K(M, τ ) ∩ W, there exists an element y ∈ F (M, τ ) ∩ W such that 0 ≤ y ≤ x and x − y ≤ ǫ.
Proof. Let σ(x) be the spectrum of x in M and e ǫ be the spectral projection of x onto σ(x) ∩ (ǫ, ∞). Thus e ǫ ∈ W. Note that x ∈ K(M, τ ). We know that e ǫ ∈ F (M, τ ). Thus y = x · e ǫ is an element in F (M, τ ) ∩ W such that 0 ≤ y ≤ x and x − y ≤ ǫ.
Recall that K(M, τ ) is a norm ideal of (M, τ ) with respect to · -norm. Proof. We should define a partial order "≺" on (M) Replacing M by I B MI B if necessary, we will assume that I B = I M . Note that M is a countably decomposable von Neumann algebra with a normal, faithful and semifinite tracial weight τ . There exists a sequence {q n } ∞ n=1 of orthogonal finite rank projections in M such that ∞ n=1 q n = I M . Let A be the unital separable C * -subalgebra generated by B and the projections {q n } ∞ n=1
in M. Denote by I the closed two sided ideal A ∩ K(M, τ ) of A. By Corollary 1.5.11 in [17] , there exists an approximate identity {e n } ∞ n=1 in I such that e n e n+1 = e n = e n+1 e n for all n ≥ 1. Because {q n } ∞ n=1 ⊆ I, we know that e n converges to I M in weak * -topology and e 1 ≺ e 2 ≺ · · · ≺ e n ≺ e n+1 ≺ · · · .
Since B is a countably generated * -subalgebra of M, there exists a sequence {b n } ∞ n=1 in B that forms a base for B (as a linear space). In the proof of Theorem 1 in [2] , replacing the natural order by "≺" on positive operators, we can find a sequence
(ii) As n approaches infinity, f n goes to I M in weak * -topology;
Let W be the commutative von Neumann algebra generated by {f n } ∞ n=1 in M.
Claim 4.2.2.1. There exists a sequence {p
Proof of the claim: We will use an induction process to find a sequence with desired properties.
When n = 1, by Lemma 4.2.1, there exists a
Let n be a positive integer and assume we have chosen
From the fact that f n ≺ f n+1 and 0 ≤ p n ≤ f n , it follows that p n ≺ f n+1 . Hence 
(ii) As n goes to infinity, p n converges to I B in weak * -topology of M;
Thus B is · -well-behaved in M. 
e n xe n ∈ K(M, τ ) for all x in A; and
e n xe n ≤ ǫ, for all x in F .
Proof. Let B be a norm dense, countably generated * -subalgebra of A such that I A ∈ B and F ⊆ B. Now the result follows directly from Lemma 4.1.4 and Proposition 4.2.2.
(max{ · , · r })-well-behaved sets.
The main result of this subsection is the following proposition.
Proposition 4.3.1. Let r ≥ 2. Suppose M is a countably decomposable, properly infinite von Neumann algebra with a faithful normal semifinite tracial weight τ and K
Let B be a unital * -subalgebra generated by a commuting family of self-adjoint elements x 1 , . . . , x r in M with an identity I B . Then B is Φ-well-behaved in M.
Before presenting the proof of Proposition 4.3.1, we need to show some lemmas first. Proof. We might assume that x i ≤ 1 for all 1 ≤ i ≤ r. For each k ≥ 0, define
is an increasing sequence of finite rank projections. Define
From the definitions of p k and f k , it follows that (a) R(x i p k ) ≤ p k+1 for 1 ≤ i ≤ r and k ≥ 1; and
Moreover, for all 1 ≤ i ≤ r and k ≥ 1,
Now it follows from (c) that
Furthermore, from equation (4.1) we conclude that, for each 1 ≤ i ≤ r,
is a family of finite rank operators that satisfies
Or,
3) For each n ≥ 1, we let
Then q ≤ e n ≤ I M for each n ≥ 1. And
( as n → ∞)
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Thus, when n is large enough, there exists an operator e = e n in M such that (i) q ≤ e ≤ I M and τ (R(e)) < ∞; (ii) max 1≤i≤r
x i e − ex i r ≤ ǫ. Proof. Let W be an abelian von Neumann subalgebra generated by I M , x 1 , . . . , x r in M. For ǫ > 0, there exist a positive integer n, a family of orthogonal projections p 1 , . . . , p n in W and a family of real numbers {λ i,j } 1≤i≤r,1≤j≤n such that n j=1 p j = I M and max{
For each 1 ≤ j ≤ n, applying Lemma 4.3.2 to a commuting family of self-adjoint elements p j x 1 , p j x 2 , . . . , p j x n and a finite rank projection q j in p j Mp j , we obtain an operator e j in M such that (i') q j ≤ e j ≤ p j and τ (R(e j )) < ∞; (ii') max 1≤i≤r p j x i e j − e j p j x i r < ǫ/n.
Let e = n j=1 e j . Then τ (R(e)) < ∞ and
Therefore (i) is true. Furthermore,
e j x i − x i e j r ≤ ǫ.
Thus (ii) is true. This completes the proof of the lemma. 
(ii) As n goes to infinity, e n converges to I B in weak * -topology of M; (iii) lim n e n x i − x i e n = 0 and lim n e n x i − x i e n r = 0 for each 1 ≤ i ≤ r.
Proof. By considering von Neumann subalgebra I B MI B instead, we might assume that I B = I M . Note that M is a countably decomposable, properly infinite von Neumann algebra with a faithful normal semifinite tracial weight τ . There exists a family of orthogonal projections
Using Lemma 4.3.3 repeatedly, we can construct a sequence of {e n } ∞ n=1 of positive operators in F (M, τ ) such that (a) (R(e n−1 ) ∨ f n ) ≤ e n ≤ I M (we let e 0 = 0); (b) max 1≤i≤r { x i e n − e n x i , x i e n − e n x i r } ≤ 1/n. From (a) and (b), we can directly verify that {e n } ∞ n=1 is a sequence with stated properties. Now Proposition 4.3.1 is a direct consequence of Lemma 4.3.4 and Definition 4.1.1 and its proof is thus skipped.
Voiculescu's Noncommutative Weyl-von Neumann Theorem in Semifinite Factors
The section is devoted to prove a version of Voiculescu's noncommutative Weyl-Neumann theorem in semifinite factors.
Let N be a countably decomposable, properly infinite, semifinite factor with a faithful normal semifinite tracial weight τ . Let F (N , τ ) and K(N , τ ) be the sets of finite rank operators, and compact operators respectively, in (N , τ ). Recall that K(N ) is the · -norm closed ideal generated by finite projections in N . As N is a countably decomposable, properly infinite, semifinite factor, we know that K(N ) = K(N , τ ). Thus, in all results proved in this section, K(N , τ ) can be replaced by K(N ).
Voiculescu Theorem for nuclear C
* -subalgebras in semifinite factors with respect to compact operators.
We will need the following lemma from [6] . 
Proof. The result is a direct consequence of the definition of nuclear C * -algebra and Lemma 3.4 in [6] . Now we are ready to prove the following main result of this subsection. Suppose that A is a nuclear separable C * -subalgebra of N with an identity I A . Suppose
Proof. Let B = ψ(A) be a separable C * -subalgebra of N with an identity ψ(I A ). Let 
e j,n ψ(x)e j,n ∈ K(N , τ ) for all x in A and j ≥ 1;
Let p j,n = R(e j,n ) be the range projection of e j,n in N . It is obvious that p j,n is a finite rank projection in F (N , τ ) such that p j,n ≤ ψ(I A ). Note that each p j,n ψ(·)p j,n is a completely positive mapping from A into N such that (1) p j,n ψ(I A )p j,n is a projection and (2) p j,n ψ(A ∩ K(N , τ ))p j,n = 0. Now we are ready to prove the following claim.
Claim 5.1.2.1. There exists a family of partial isometries {v
when i, s, t ∈ N satisfy 1 ≤ i ≤ j + n, s + t < j + n, or we have s + t = j + n and s < j.
Proof of Claim: Define an order "≺" on N × N as follows:
if and only if s + t < j + n, or we have s + t = j + n and s < j. Next we will use an inductive process on N × N, with respect to the order ≺, to construct a family {v j,n } ∞ j,n=1 of partial isometries in N with stated properties. When (j, n) = (1, 1), applying Lemma 5.1.1 to p 1,1 ψ(·)p 1,1 and q 1,1 = 0, we know that there exists a partial isometry v 1,1 in N such that
. Let j, n ≥ 1 be such that (1, 1) ≺ (j, n) and assume the family {v j ′ ,n ′ } (j ′ ,n ′ )≺(j,n) of partial isometries in N with desired properties has been chosen. Let
where R(x) is the range projection of x in N . Thus q j,n is a finite rank projection in F (N , τ ). Applying Lemma 5.1.1 to p j,n ψ(·)p j,n and q j,n , we can find a partial isometry v j,n in N such that 4) and, for all i, j ≥ 1
Define, for each j ≥ 1,
v j,n e j,n , (convergence is in strong operator topology)
which is a partial isometry in N . We will verify that {v j } when i, j, n, s, t ∈ N satisfy 1 ≤ i ≤ max{j + n, s + t} and (j, n) = (s, t). Hence, for each i, j ≥ 1,
By the Condition (b) on the choice of {e j,n } ∞ j,n=1 , ψ(x i ) − n e j,n ψ(x i )e j,n ∈ K(N , τ ) for i, j ≥ 1. Note that each e j,n (p j,n ψ(x i )p j,n − v * j,n x i v j,n )e j,n is a finite rank operator in F (N , τ ) and
Thus n≥1 e j,n (p j,n ψ(x i )p j,n −v * j,n x i v j,n )e j,n converges in norm to a compact operator in K(N , τ ). Finally m =n<i−j e j,m v * j,m x i v j,n e j,n is a finite sum, whence it is in K(N , τ ). Therefore, for all i, j ≥ 1,
(by Condition (c) and
Thus (iii) is satisfied.
(iv) and (v): For each j ≥ 1 and x ∈ A, as v *
By (5.9) and (5.11),
Thus (iv) is satisfied. Furthermore, from (5.11) and (5.10) we have, for all x ∈ A,
Thus (iv) is satisfied. This completes the proof of the theorem. F (N , τ ) and K(N , τ ) be the sets of finite rank operators, and compact operators respectively, in (N , τ ) . Let K Φ (N , τ ) be a norm ideal of (N , τ ) .
Suppose that A is a separable nuclear C * -subalgebra of N with an identity I A and B is a countably generated * -subalgebra of A such that
Then for every finite subset F of B and any positive number ǫ, there exists a partial isometry
, and vv
Proof. Let F be a finite subset of B and ǫ > 0. We will need only to find a partial isometry v in N satisfying (a), (b) and (c), as (d) and (e) follow directly from (a), (b) and (c).
Since B is a countably generated * -algebra and F is a finite subset of B, we might assume that {b k } 
Then from (4) and (1) we conclude that v is a partial isometry in N such that
Furthermore, for each k ≥ 1,
(by (2) and (5))
Since {b k } k is a base of B (as a linear space), (2) and (5) 
Suppose A is a separable nuclear C * -subalgebra of N with an identity I A and B is a countably generated * -subalgebra of A such that N , τ ) ).
Proof. It suffices to show that, for every finite F ⊆ B and ǫ > 0, N , τ ) ).
Suppose that a finite subset F ⊆ B and ǫ > 0 are given. We might also assume that F is a self-adjoint set, i.e. b ∈ F implies b * ∈ F . Let H be an infinite dimensional separable Hilbert space and let B(H) be the set of bounded linear operators on H. Suppose that {f i,j } ∞ i,j=1 is a system of matrix units of B(H). Let N ⊗ B(H) be a von Neumann algebra tensor product of N and B(H). Recall that
Define a mapping
By Condition (i) and Lemma 2.2.4, we know that
From Condition (ii), Definition 4.1.1 and Lemma 2.2.7, it induces that ψ ∞ (B ⊗ f 1,1 ) is a Φ-wellbehaved set in N ⊗ B(H). Therefore, by Theorem 5.2.1, there exists a partial isometry v in
Note that B is a * -algebra. It follows directly from (b) that
From (c) and the fact that F is a self-adjoint set, one gets that (e) Φ(ψ
By (a), if we denote p = vv
Then, from (a),
Now, for all b ∈ B,
(by Lemma 2.2.7, (5.17) and (b)) 
It is a direct consequence of Definition 2.3.1 that
which implies that
Hence, 
This completes the proof of the theorem. (N , τ ) .
Suppose A is a separable nuclear C * -subalgebra of N with an identity
Theorem 5.3.2. Let N be a countably decomposable, properly infinite, semifinite factor with a faithful normal semifinite tracial weight τ and let K(N , τ ) be the set of compact operators in (N , τ ). Let r ≥ 2 be a positive integer and let
* -subalgebra of N with an identity I A and B is a * -subalgebra generated by a family of self-adjoint elements N , τ ) ).
Perturbations of Normal Operators in Semifinite von Neumann Algebras
The section is devoted to prove a version of Voiculescu's Theorem for normal operators in a semifinite von Neumann algebra.
Voiculescu Theorem for normal operators in semifinite factors.
Lemma 6.1.1. Let N be a countably decomposable, properly infinite, semifinite factor with a faithful normal semifinite tracial weight τ . Let F (N , τ ) and K(N , τ ) be the sets of finite rank operators, and compact operators respectively, in (N , τ ). Suppose W is a von Neumann subalgebra of N containing I, an identity of N . Then there is a sequence {p n } n∈N of orthogonal projections in W such that
Proof. Without loss of generality we assume that W ∩ K(N , τ ) = 0. Since N is countably decomposable, any family of nonzero mutually orthogonal projections in N must be countable. By Zorn's Lemma, there exists a maximal family {p n } N n=1 (here N might be ∞) of nonzero orthogonal projections in W such that 0 ≤ τ (p n ) < ∞ for each n. Let p = N n=1 p n be a projection in W.
We assert that (I − p)x = 0 for every x in W ∩ K(N , τ ). In fact, assume contrarily that there exists an x in W ∩ K(N , τ ) such that (I − p)x = 0. Then 0 = (I − p)xx
By Lemma 6.8.1 in [13] , there exists a nonzero spectral projection e of (I − p)xx * (I − p) in (I − p)W(I − p) such that e ∈ W ∩ K(N , τ ). This further implies that e ∈ F (N , τ ) and 0 ≤ τ (e) < ∞ and e ≤ (I − p). It contradicts the maximality of {p n } N n=1 . If N < ∞, then, by allowing p n = 0 for all n > N, we get a sequence {p n } ∞ n=1 with desired properties. This completes the proof of the lemma. 
Proof. Recall that K(N , τ ) is the set of compact operators in (N , τ ) and
is a norm ideal of (N , τ ) equipped with a norm Φ satisfying
Let W be an abelian von Neumann subalgebra generated by I, a 1 , . . . , a r in N , where I is an identity of N . By Lemma 6.1.1, there exists a sequence {p n } ∞ n=1 of mutually orthogonal projections in W such that the following are true.
(
We will proceed the proof according to either
We have
Since N is a countably decomposable, properly infinite factor, there exists a sequence of mutually orthogonal projections {q n } n∈N in N such that I − p = n∈N q n and τ (q n ) = ∞ for all n ∈ N. Let A 1 and B 1 be an abelian C * -subalgebra, and a * -subalgebra respectively, generated by I, a 1 , . . . , a r in W. Note (I −p)A 1 is also an abelian and separable C * -algebra. Thus there exists a sequence {ρ k } k∈N of one-dimensional * -representations of (I − p)A 1 such that ⊕ k ρ k is faithful on (I − p)A 1 .
Note I − p = n∈N q n and ρ k ((I − p)A 1 ) is a set of scalars for each k ≥ 1. We define
Let A 2 and B 2 be an abelian C * -subalgebra, and a * -algebra respectively, generated by {I, y 1 , . . . , y r } in N . Note p and I − p commute with A 2 . 
Proof of the Claim 6.1.2.1: As each ρ k is a one dimensional * -representation of (I − p)A 1 ,
is a diagonal operator in N for each i ∈ {1, . . . , r}. From (ii) and (6.2),
For each n ∈ N, let W n be an abelian von Neumann subalgebra generated by {p n , p n a 1 , . . . , p n a r } in W. By spectral theorem, there are k n in N, a family {e
kn } of mutually orthogonal projections in W n and a family {λ
By Lemma 2.1.5,
This ends the proof of the claim.
(Continue the proof of theorem:) Define a * -homomorphism ψ 1 :
, it is clear that ψ 1 (A 1 ∩ K(N , τ )) = 0 and ψ 1 (I) = I − p.
Since ⊕ k ρ k is a faithful * -representation of (I − p)A 1 , the map
is a * -isomorphism from (I − p)A 1 onto (I − p)A 2 . Thus the map
4) is well-defined. By the fact that τ (q k ) = ∞ for all k ≥ 1, we conclude that ψ 2 is a * -homomorphism such that
and ψ 2 (I) = I − p.
As a summary, we have proven the following claim. 
and 
and N , τ ) ). From (6.1) and (6.3),
From (6.2) and (6.4), 
Proof. Since τ is a faithful, normal, semifinite tracial weight of a countably decomposable factor N , there exists a family {e k } ∞ k=1 of orthogonal projections in N such that ∞ k=1 e k = q and τ (e k ) < ∞ for all k ≥ 1. For each k ≥ 1, there exists a positive integer m k such that
where some q n could be 0. Then,
Combining Corollary 6.1.3 and Lemma 6.1.4, we have the following result.
Lemma 6.1.5. Let N be a countably decomposable, properly infinite, semifinite factor with a faithful normal semifinite tracial weight τ . Assume a ∈ N is a normal operator. Suppose that {λ n } ∞ n=1 is a family of complex numbers such that the ball {λ ∈ C : |λ| ≤ 2 a } is contained in the closure of {λ n } ∞ n=1 . Then, for any 0 < ǫ < a , there is a family {q n } ∞ n=1 of orthogonal projections in N such that
6.2. Voiculescu Theorem for normal operators in semifinite von Neumann algebras.
In this subsection, we are going to use the theory of direct integral of separable Hilbert spaces and von Neumann algebras acting on separable Hilbert spaces (see [13] for general knowledge of direct integral). In order to give a clear discussion, we list some lemmas which will be needed in this part of the paper.
Thus proof of Lemma 14.1.19 in [13] shows that τ s is faithful, normal, semifinite tracial weight of M s almost everywhere. By the construction of τ s ,
for all positive x(s) ∈ M s almost everywhere.
The following is the main result of the section. 
Proof. We might assume that M acts on a separable Hilbert space H. Assume that a countable dense subset {λ i } i∈N of the ball {λ ∈ C : |λ| ≤ 2 a } is fixed.
Let M = X ⊕M s dµ, H = X ⊕H s dµ and τ = X ⊕τ s dµ be direct integral decompositions of M, H and τ over (X, µ) relative to the center of M. We might assume that, for s ∈ X almost everywhere, M s is a properly infinite factor with a faithful normal semifinite tracial weight τ s .
As a is a normal operator in M, a = X a(s)dµ where a(s) is a normal operator in M s almost everywhere. Thus we can find a Borel µ-null set N 1 such that a(s) is normal and a(s) ≤ a for s ∈ X\N 1 . (6.8)
Note X is a σ-compact locally compact space and µ is the completion of a Borel measure on X. We might assume that X = ∪ m∈N K m , where {K m } m∈N is a family of disjoint Borel subsets of X such that µ(K m ) < ∞ for all m ≥ 1.
From Remark 6.2.2, there are a separable Hilbert spaceH and a family of unitary elements {U s : H s →H; s ∈ X} such that s → U s ζ(s) and s → U s x(s)U * s are measurable for any ζ ∈ H and any decomposable operator x ∈ B(H). Let B be the unit ball of B(H) equipped with the * -SOT. Then it is metrizable by setting ρ(x, y) = ∞ n=1 1 2 n ( (x − y)ζ n + (x * − y * )ζ n ) for any x, y ∈ B where {ζ n } n∈N is an orthonormal basis ofH. The metric space (B, ρ) is complete and separable. Now let B 1 = · · · = B i = · · · = B and C = i∈N B i provided with the product topology of the * -SOT on each B i . It implies that C is metrizable and in fact it is a complete separable metric space. We denote by (s, q 1 , . . . , q i , . . .) an element in X × C. Since x → x * and x → x 2 are * -SOT continuous from B to B, the maps , ∀ x(s) ∈ M s . (6.12)
For each (q 1 , . . . , q i , . . .) ∈ C and j 1 , j 2 ∈ N,
a(s)ξ n (s), a(s)ξ n (s) − U s a(s)U * s U s ξ n (s), is Borel measurable on (X\N 4 ) × C, where N 4 is a Borel µ-null subset of X. Fix a family {η n } n∈N of vectors in H such that {η n (s)} n∈N is dense in H s almost everywhere. For each (q 1 , . . . , q i , . . .) ∈ C and j 1 , n ∈ N, a(s) − From (6.9), (6.10), (6.14), (6.16) , and (6.17), it induces that A is a Borel set. Then by Theorem 14.3.5 in [13] , the set A is analytic. 
Proof of the Claim:
Recall that {λ i } i∈N is dense in the ball {λ ∈ C : |λ| ≤ 2 a }. For a given s ∈ X \ N 0 , there exists an m ∈ N such that s ∈ K m . For such m ∈ N, by (6.8) and Corollary 6.1.5, there is a family {q i } i∈N of orthogonal projections in M s such that max{ a(s) − where · s,2 is defined in (6.12) . Put q i = U sqi U * s for i ≥ 1. It is not difficult to see that (s, q 1 , . . . , q i , . . .) is an element satisfying (a) and (b). Note that j 1 i=1 λ i U * s q i U s converges to i∈N λ i U * s q i U s (= i∈N λ iqi ) in SOT as j 1 goes to infinity. Now, combining (6.18) with the definition of · s,2 in (6.12), we know that (s, q 1 , . . . , q i , . . .) satisfies (c) and (d). Therefore, (s, q 1 , . . . , q i , . . .) is an element in A. So π(A) = X\N 0 . This completes the proof the claim. This finishes the proof of the theorem.
The "properly infinite" condition on M in the preceding theorem is unnecessary. On the other hand, by Proposition I.6.10 in [10] and the fact that M has a separable pre-dual, there exists a family {p n } ∞ n=1 of orthogonal projections in Z such that I − p = ∞ n=1 p n and τ (p n ) < ∞ for all n ≥ 1. For each n ≥ 1, as τ (p n ) < ∞, we can find a diagonal operator d n in p n M such that max{ p n a − d n , p n a − d n 2 } ≤ ǫ 2 n+1 . 
